
A S P E C I A L  C A S E  O F  C O N T A C T  B E T W E E N  

P U N C H  A N D  AN E L A S T I C  H A L F - S P A C E  

A .  B .  E f i m o v  a n d  V.  N .  V o r o b ' e v  

AN ASYMMETRIC 

UDC 539.37 

A solut ion is obtained to a g roup  of p r o b l e m s  conce rn ing  the contac t  between an a s y m m e t r i c  
punch and an e l a s t i c  h a l f - s p a c e .  The spec ia l  ca se  is c o n s i d e r e d  w h e r e  the punch pene t r a t e s  
f r o m  a con tac t  point  a long  a r e c t i l i n e a r  s e g m e n t .  

If  a smoo th  r ig id  punch with a shape  d e s c r i b e d  by the equat ion 

z - -  y (r), 

is p r e s s e d  into an e las t i c  h a l f - s p a c e  Z > 0, then the con tac t  p r e s s u r e  undernea th  p and the ve r t i ca l  d i s -  
p l a c e m e n t  of  the e las t i c  m a t e r i a l  w in the  p r o c e s s  of  punch pene t r a t ion  to a depth a a r e  equal to the 
in t eg ra l s  

p (r, a) = /" P0 (r; [rxl ) dX, 

w (r, a) = ~ Wo (r; [r~]) d~. 
0 

(1) 

(2) 

Here  P0 and w 0 denote ,  r e s p e c t i v e l y ,  the p r e s s u r e  and the d i s p l a c e m e n t  in the c a s e  of  a s ingle  flat  
punch;  r is the r ad iu s  v e c t o r  of point  M(r) in the XY plane;  a r is the depth of  pene t ra t ion  at which point  
M(r) fal ls  into the contac t  zone; and l ine  F k is g e n e r a t e d  by loading  the f ami ly  of  con tour s  within the c o n -  
t ac t  zone.  

Thus ,  p and w in (1) and (2) a r e  e x p r e s s e d  as a supe rpos i t i on  of P0 and w 0 for  f lat  punches  whose  
con tou r s  at  e v e r y  ins tant  of  t ime  a r e  the r e s p e c t i v e  F h - c u r v e s ;  P0 and w 0 a r e  funct ions of  a only  ind i rec t ly  
th rough  F a and a r e  funct ionals  of those  l ines  (which is denoted by s q u a r e  b racke t s ) .  The con tour s  Fp 
mus t  s a t i s fy  the non l inea r  in tegra l  equation [1, 21 

J ' m 0 (r; [r~l) dX = ~ - -  / (r), r E F~ (3) 

a t a n y  0 </~ < a .  

L e t  the fami ly  of con tours  F a s a t i s fy  Eq. (3). Then pene t ra t ion  a is r e l a t ed  to the new p a r a m e t e r  a :  

N'__L_ a (a) = (a) , (4) Q' (a) 

P (a) = a (a) Q (a) - N (a), (5) 

w h e r e  

Q (a) = I .  P0 (r; [FJ) do', 

N ~a) = ~ P0 (r; [f~]) [ (r) da, 
S a 

(6) 
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where  Q(a) is the total  contact force  on a flat  ptmch. 

We consider  a punch whose sec t ions  by Z = const planes a r e  confocal e l l ipses :  

X ~ In 
- - + - - - - - - - 1 ,  

a* b 2 

with the ma jo r  s e m i a x e s  a and the minor  s e m i a x e s  b = 4~2---~ -, 2l being the focal d is tance .  

It will be  shown that  in this case  the contours  within the contact  zone at  the instant  of loading a r e  
plane confocal e l l ipses  which a r e  comple te ly  defined by one p a r a m e t e r  (e.g.,  by the major  semiax i s ) ,  
inasmuch as the focal d is tance  has a l ready  been fixed. The p rob lem is one-d imens iona l  with r e s p e c t  to 
d i sp lacement ,  although the contact  p r e s s u r e  r ema ins  t h ree -d imens iona l ,  and its solution Is const ructed 
accord ing  to fo rmulas  (1), (2), (4)-(6). 

The su r face  of this punch is desc r ibed  by the equation 

Z = t ta(X,  e3l. 

By changing the p a r a m e t e r  l and the fo rm of function f, we obtain punehes e i ther  axia l ly  s y m m e t r i c  
(l = 0) or  spa t ia l ly  s y m m e t r i c  (l ~ 0) with the initial contact  along an e l l ipse  or  along a r ec t i l i nea r  s e g -  
ment - l  -~ X ~ l, Y = 0. The d i sp lacement  outside a f lat  el l iptic punch [3]: 

wo(X, Y; a ) =  Wo (r, 0; a ) =  - -  F (  arcsin ar ' a-l) 

r ema ins  constant  along confocal e l l ipses .  Here  K and F a r e  a comple te  and an incomplete  el l ipt ic  in tegra l ,  
r espec t ive ly ;  r and 0 a r e  ell iptic coordinates  re la ted  to Car te s i an  coordinates  as follows: 

~X~--rcosO,  D ( X ,  Y) = r2--/2cos20 

~/r  = - P s i n O ,  D(r ,  O) ~ r = - I  2 

By inser t ing w 0 and f into (3), we a sce r t a in  that  the equation is sa t i s f ied  on confocal e l l ipses  if it is s a t i s -  
fied on even only one point of the contour ,  r e g a r d l e s s  of the magnitude of a .  Let t ing the major  s emiax i s  
of the contact  e l l ipse  a be the independent var iab le ,  we a r r i v e  at  the one-d imens iona l  l inea r  Vo l t e r r a  equa-  
tion with r e s p e c t  to de ( a ) / d a  : 

J ' [w0 (a; O - -  11 da  (t) dt = - -  f (a). 
dt 

l 

One can find the re la t ion  between a and a without solving this equation, however ,  by using the well-known 
express ion  for the p r e s s u r e  under a fiat el l iptic punch [3, 4]: 

A 

_ _ - -  i - - - - - -  i -  K I a ~ I - -  a-- ~- 

6 
A ~  - -  

"I - -  ~ 

po(X, Y; a ) =  

We have 

Q ( a ) =  ~ p o ( X ,  Y; a) d X d Y =  2nAn 

N (a) = ~ po (X, Y; a) f (X, Y) dXdY 
_ S a  

= 4Aa~ f (r) dr " a 2 - -  t a 
K - -  ! (a~ - -  rz) (r~ - -  12) 7 4A r2 _ l------ ( i (r) dr, (7) 

a l 1 
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f da (t). tdt ( ritz(t) dt 
p(r, O; a ) =  dPO(r, O; t) d t : :  A ' I ~ 

dt K ( - - ) - ) ,  (P--r2)(tz--Pcos2 O) 
r f i 

~ d~ (t) 

�9 t ( ) 
w(r, 0; a)= ~ w,(r, O; t) da(t) d! dt F arc sin t l tdt. _f) dt , K ( r t , 

(8) 

(9) 

H e r e  G is the s h e a r  modulus ;  v is the P o i s s o n  rat io;  and K, E a r e  comple te  e l l ipt ic  i n t eg ra l s .  
(4), (5), (7), (8), (9) y ie ld  the  solut ion to the p r o b l e m  in q u a d r a t u r e s .  

In the spec ia l  case  of  l = 0 we have  

F o r m u l a s  

a 

f f(r) rdr Q (a) = 4Aa, N (a) = 4A . I a t -  r ~ 
0 

(io) 

F r o m  this fol lows the  we l l -known solu t ion  [4, 5] for  any punch with axial  s y m m e t r y .  

Expanding da (t) 1 into a s e r i e s  at  the point  t =a and re t a in ing  only the 
dt K - 7  1 t~ - -  l~ cos~ 0 

z e r o t h - o r d e r  t e r m ,  we wil l  obtain the f i r s t  t e r m  of  the p r e s s u r e  a s y m p t o t e  (8) n e a r  the b o u n d a r y  0 
< ( a - r ) / a  << 1 at a n y a :  

A &z(a______~) 1 /  a~- -  r~ 
P (r, O; a) 

When a >> 1, then Q, N,  a ,  and p a s y m p t o t i c a l l y  app roach  the ease  of axial  s y m m e t r y  (10). P r e s s u r e  
p( r ,  0; a)  is c lo se  to the p r e s s u r e  in the s y m m e t r i c  ease  when a >- r >- I. 

In concluding the ana lys i s  of this solut ion,  we note  that  contac t  p r o b l e m s  with initial l ine  contac t  
a r e  wide ly  encoun te red  in p r a c t i c e  and have been t r e a t e d  by app rox ima t ion  in [4, 6, 7, 8]. As contac t  is 
made ,  the reg ion  involved usua l ly  b e c o m e s  elongated.  In our  ease  the ha l f -wid th  of  the con tac t  e l l ipse  
�9 (X) changes  as  a funetion o f  X: 

b 
T (X) = - -  j a ~ - -  X ~. 

a 

(11) 

The c u r v a t u r e  of punch sec t i ons  by X = cons t  p lanes  is at  points  on the X axis  

1 ~' [a (X, Y)ljv~o 12 _. X------~ for ~(.~ l, 

• (X) - -  x 
[ 1_~/, [a(X, Y)lfv=o for X ~ l .  

X2 _ I 2 

As the Z = 0 p lane  is a pp roa c he d ,  funct ion f(a)  behaves  as Z = f ( X - 1 )  and Z = f (y2 /2 l )  a long  the X axis  
and a long the Y ax i s ,  r e s p e c t i v e l y ,  indica t ing that  the curve  sec t ion  a long the  Y axis  is of a twice  h ighe r  
o r d e r .  

We wilI now c o n s i d e r  the c a s e  whe re  in tegra l s  (4), (5), and (7) a r e  e x p r e s s e d  in t e r m s  of  e l l ip t ic  
ones .  Le t  f = c [a  (X, Y ) - l ] .  In the sec t ion  by  the  Y = 0 plane we have  

0 for IXt ~< l, 
[a iX, 0)1 = r (IX[ _ l) for [XJ ~ l. 
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In the sec t ions  by X = eonst  planes the punch becomes  parabol ic  toward the X axis and the cu rva tu re  on 
the X axis  is 

t c 1 
I t '  ~: " l ' - -  X" for X-..< l, 

(x~ 
c X 

T" ~. -.X~ l ~ for X>/- I. 

We introduce the d imens ion less  va r i ab les  

a b r X __~ 
~ = 7  - ' n = T ' p = 7 - ' x = 7 - ' y =  , r  V(X)t 

a(a) ,/(p) = ~(r) P(a)  

~z(~) - -  a - 7 i - - '  p ( ~ )  = k a '  

N (r = N (a) q (~) = Q (a) p @, o; ~) = p(r' o; a) 
Aa~ ' - - m - '  Ac 

With the in tegra ls  in (7) evaluated,  

Q(~-) = -~--, N(~) =--4~SK~ + ~ [I +~'(26--I)1+ 4 (Ks--E~), 

the solution to problem (4), (8) will be reduced to 

p (~) = ~ (~) Q (r -- N (~), 

i .. da(~) ~,,: p(p, O; 0 = d'~ 

(12) 

H e r e  K 1 = K ( I / 0 ;  E 1 = E ( I / 0 ;  6 = E l t K I ;  K 2 = K[ (~2f~-l)/~]; E2 = E[ (~'/(f~-l)/~]; K and E a re  comple te  e l -  
l ipt ic  in tegra ls .  

Some r e su l t s  obtained with fo rmulas  (12) on a BI~SM-6 computer  a r e  shown in Figs.  1, 2, 3. The 
dashed-dot ted  l ines  r e p r e s e n t  the a sympto tes  for  smal l  contact  zones (~ ~ 1), the dashed l ines r e p r e s e n t  
the a sympto tes  fo r  l a r g e  contact  zones (~ >> 1). 

Fo r  a na r r ow  contact  zone 0 < ~ - 1  << 1 or  ~ ~ 1, the asympto tes  a r e  

~' (~) = ~ in 8 + o [ ( ~ -  i)l, 
2 g - i  

P (D = 2~: (~-- l) + o (~-- i) 

(13) 

A compar i son  with solution (12) shows that  these  fo rmulas  a r e  valid with a l e s s  than 5% e r r o r :  for  a within 
1 < ~ < 1.6, fo r  a '  within 1 < ~ < 1.14, and for  P within 1 < ~ < 1.14. 

When ~ >> 1, the contact  zone approaches  a c i rc le .  We have  h e r e  

a' (~) ----- --~- -b q - O  , (14) 

\ ~ ) ,  
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Fig. 1 Fig. 2 

Fig. 1. Punch penetration a and its derivat ive a '  as functions of the major  
semiaxis  of the contact  ellipse ~. Dashed lines represen t  the asymptotes  for 
la rge  values of ~; dashed-dotted lines represen t  the asymptotes  for small  
values of~. All quantities here  and in Figs.  2 and 3 a re  dimensionless .  

Fig. 2. Total contact force P as a function of the penetration depth ~x and of 
the major  semiaxis  of the contact  ellipse ~. Dashed lines r epresen t  the 
asymptotes  for  large  values of ~ and ~; dashed-dotted lines r epresen t  the 
asymptotes  for small  values of ~ and ~. 

i ' l 
) j , , 

, ) 1 

>" / -, 

Fig. 3. Distribution of contact  p r e s s u r e  p for ~ = 2. 

With a less  than 5% e r r o r ,  these formulas  apply to the range ~ > 1.35 for ~, ~ > 1.4 for ~' ,  and ~ > 1.15 for 
P. Inser t ing the asymptotes  to a,(~) and K t into the con tac t -p res su re  integral (12), we obtain the same ex-  
press ion  for  both ~ ~1 and ~ ->-p >> 1: 

_ r 

p(p, O; ~j)~_~L=ln 1 ~o2--p ~ + )  ~j2--cos20 
) p"--cos ~ O (15) 

One must  emphasize the ex t rao rd ina ry  c loseness  of the p r e s s u r e  asymptotes  for ex t reme values of ~. 
Fu r the rmor e ,  formula  (15) deviates f rom the exact solution by less  than 3% along the ent ire  contact zone 
for all values of ~. 

When ~ -> p >> 1, the p r e s s u r e  tends toward the solution for the case with axial s y m m e t r y  [9]: 

P (P, O; ~) ~ L~-~Arch ~ 
P 
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Expres s ion  (15) for  p r e s s u r e  p s impl i f ies  on the axes  of the el l ipse.  On axis y (x = 0, 0 = , 'r/2, y = ~-Zl-1) 
we have 

p(0, y; ~ ) ~ l n  , q- 1 1 ~"--P'~ = A r c h ~ .  
P p 

1 1 1 2 - - Y 2  at ~ 1 ,  

V~,la-~y2 at ~>y)) 1, 
I y * q - 1  

In 2~ at ~ )> 1, y << I. 
~ ~ '  + 1 

On a x i s x ( y = 0 ,  x = p  a t x >  1; x = c o s 0 ,  o = l a t x < l )  w e h a v e  

' ~ 2 - - x ~  - i - ,  ~ - -  I , 
p(x, O; ~ ) ~ I n  -~..  

j Ix ~ -  1[ 

~1 at ~,~,1, x4,(l ,  
V'I --x ~ 

at ~ ) > x ' - ~ l ,  
X X 

In 2[ V~-~-- ~ at ~)>1, x ( ( 1 .  

At points x = ~1 on the x -ax is  the p r e s s u r e  is unbounded. Finally,  n e a r  the y -ax i s  the contact  p r e s s u r e  
is given by the s imple  formula :  

p(x, y; ~),~ ; ~(x)--Y~ at ~ 1, x<< 1, (16) 
I/: I - -  x'  

where  

X2 ~) 
"q .~__ x ~ V (x) = T ' ~ ~ 1 - 2~' 

Up to ~ = 1.25, fo rmula  (16) yields the answer  in asympto t ic  t e r m s  with a l e s s  than 10% e r r o r  at x < 0.5 
and l e s s  than 25% at  x < 0.7. 

r 
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0 
X , Y , Z  
x,  y 
W 

P 
w 0 
P0 
f 
P 
Q 
N 
c~,~, k 

s~ 
Fc~ 
M 
K, E 
F 
a , b  
~,,~ 
l 
D 
A,c 
G 

NOTATION 

is the radius ;  
is the d imens ion less  radius ;  
is the angle in ell iptic coordinates ;  
a r e  the Car te s i an  coordinates ;  
a r e  the d imens ion less  Ca r t e s i an  coordinates ;  
is the d i sp lacemen t  of e las t ic  ma te r i a l  under a punch of any shape; 
is the p r e s s u r e  under a punch of any shape;  
is the d i sp lacemen t  of e las t ic  ma te r i a l  under a f lat  punch; 
is the p r e s s u r e  under ' a  f lat  punch; 
ls the function descr ib ing  the punch shape; 
is the total  contact  fo rce  under a punch of any shape; 
is the total  contact  p r e s s u r e  under a f ia t  punch; 
is the component  of total  force ;  
a r e  the depths of punch penetrat ion;  
is the contact  a rea ;  
is the contact  contour;  
is the point; 
a r e  the complete  el l ipt ic  in tegrals ;  
is the incomplete  e l l ipt ic  integral;  
a r e  the ma jo r  and minor  s em i axes  of  e l l ipses ;  
a r e  the d imens ion less  ma jo r  and minor  s emiaxes  of e l l ipses ;  
is half  the focal dis tance;  
is the different iat ion opera tor ;  
a r e t h e  coefficients inthe express ions  for  function f and p r e s s u r e  under a f iat  punch; 
is the shear  modulus of the e las t ic  ha l f - space ;  
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u is the Poisson  ra t io  for  the e las t ic  ha l f - space ;  
4J, r a r e  the ordinate  and d imens ion less  ordinate  of the points on an ell ipse;  
L is the logar i thmi  c approximat ion  of p r e s s u r e  distr ibution;  
~t is the curva tu re .  
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